The influence of chemical potential oscillations on the magnetization oscillations in two-dimensional multiband metals is investigated. In the regime 
Quantum magnetization oscillations (the de Haas-van Alphen effect) is one of many manifestations of the quantization of the electronic energy spectrum in a magnetic field H. This quantum effect is observable both in two-dimensional (2D) and three-dimensional (3D) metals. It provides an interesting thermodynamical insight into the specificity of the 2D system, where the whole electronic energy spectrum is discrete (Landau levels structure), with regard to the 3D one. On account of the importance of chemical potential oscillations, the de Haas-van Alphen (dHvA) effect in 2D metals is quite different from its 3D counterpart. According to Ref. 5, the field oscillating partF of the free energy F is related to the field oscillating partΩ of the grand canonical thermodynamic potential Ω through
where ρ is the total density of states. Following Alexandrov and Bratkovsky 5 , it is the second nonlinear oscillatory term in equation (1), specific to the canonical ensemble, which produces the combination frequencies. However, it is important to stress here thatΩ is an explicit function of the variable µ through the ratio µ/ω cα (where ω cα is the cyclotron frequency of the individual band α) in the different sine arguments (see explicit form Eq.
(13), Ref. 5) . For a fixed total number of electrons N, the difficulty is thus to eliminate the inadequate variable µ in the expression ofΩ via the condition
Under a magnetic field, the chemical potential consists of a constant part µ 0 (the value at zero magnetic field) plus an oscillating partμ given by the implicit equatioñ
In 3D metals, the chemical potential oscillations are negligibly small 6 sinceμ ∼ ω c ω c /µ 0 and µ 0 ≫ ω c (in this part, the band index α is omitted for convenience). The oscillating partμ contributes in the sine arguments ofΩ asμ/ω c ∼ ω c /µ 0 . Therefore, the direct substitution of the variable µ by the constant part µ 0 in the explicit expression ofΩ is valid
6
:Ω(µ) ≈Ω(µ 0 ). It means that the exact resolution of implicit Eq. (3) is not needed. In this case, the explicit expression forΩ can effectively be considered as a Fourier series 7 .
Moreover, the second term of Eq. (1), ∂Ω/∂µ
, is also negligible compared withΩ ∼ ρω 2 c ω c /µ 0 . In 3D multiband metals, it is then responsible for the presence of combination frequencies of the individual band frequencies in the expression (1), but with a negligible amplitude.
In 2D multiband metals and at very low temperature T ≪ ω c , the situation is different.
As expected in these conditions, the amplitude of chemical potential oscillations is much greater than in 3D metals. According to Eq. (13) Consequently, the direct substitution of the variable µ/ω c by µ 0 /ω c in the sine arguments of the explicit expression forΩ is also no longer valid. Contrary to the 3D metals, the exact resolution of the implicit Eq. (2) is needed. The consideration of the explicit expression forF as a Fourier series, as done in Ref. 5 , is now incorrect. Furthermore, on account of the non negligible oscillating partμ, the individual band contributions are also mixed via the nonlinear coupling in the termΩ, so that combination frequencies can be produced by both terms in Eq. 1. Hence, we conclude that the analysis proposed by Alexandrov and Bratkovsky 5 for explaining the appearance of combination frequencies is mathematically incorrect.
Moreover, the mechanism proposed by Alexandrov and Bratkovsky is physically irrelevant. Indeed, it is based on the relation F = Ω + µN which is valid only at the thermodynamic limit. In this limit, the difference between the different statistical ensembles vanishes.
It means that, independently of the experimental conditions, the thermodynamic quantities evaluated in the canonical ensemble or in the grand canonical ensemble are the same. The magnetization oscillationsM are then equivalently given bỹ
Consequently, the mechanism responsible for the combination frequencies in the Fourier spectrum of magnetization oscillations can not a priori depend on the way the magnetization is derived, that is to say on the use of a specific thermodynamic potential. In other terms, it has to be pointed out directly with the expression of the magnetization oscillations.
Our following goal is then to derive a mechanism, still in the relevant thermodynamic limit, directly from the expression of magnetization oscillations. Exactly like in the 3D
Lifshitz-Kosevich derivation 6 , the calculations of magnetization oscillations 8 are technically easier with the grand canonical thermodynamic potential Ω. Therefore, the magnetization oscillations are derived by way ofM
which is a function of the grand canonical variables µ, V and T . For a fixed total number of electrons N, the difficulty is still to eliminate the inadequate variable µ in the expression forM via the condition (3). As previously stated, the expression ( as shown numerically by Nakano 11 . Here, our aim is to prove analytically the existence of these combination frequencies in magnetization oscillations.
In 2D one-band metals, the oscillating partμ and the magnetization oscillationsM are linked through a simple relation of proportionality so that equation (3) and equation (4) can be compiled in a single equation
where ω c = eH/mc is the cyclotron frequency and m the effective mass, M 0 is the magnetization at saturation, λ l = 2π 2 lk B T /hω c , Γ is the width of the Landau levels due to impurity scattering, and µ e is the electron's magnetic moment. The dimensionless parameter R mea- In the multiband case, equations (3) and (4) give for
where µ α = µ 0α +μ, µ 0α = µ 0 − ∆ α0 is independent of the magnetic field, M 0α = ρ α µ 0αh ω cα /H, ρ α is the zero-field density of states per spin projection in the band α with the effective mass m α , ω cα = eH/m α c, m = α m α , R = ρ R / α ρ α (with ρ R the density of states of a non-quantized background reservoir), and
We note here that the equations (6) and (7) can not be compiled in a single equation like in the one-band case. Nevertheless, the effects ofμ on the magnetization oscillations are qualitatively the same. As for the one-band metal, for R ≫ 1, the chemical potential oscillations are strongly damped and the Fourier expression with classical frequencies f α = 2πcm α µ 0α /e is recovered. For a smaller value of R, the contributions of each band to the magnetization oscillations are mixed through the oscillating part of the chemical potentialμ.
However, from Eq. (6) and (7), it is not clear whether a Fourier analysis for magnetization oscillations is relevant. Let's try to make out a Fourier development. For this purpose, in Eq. (6) and (7) we separate the two different parts in the sine arguments :
At any finite temperature or impurity scattering, the quantityμ/hω cα is strictly less than 0.5(1 + R) −1 m α /m and is reduced by a rising temperature or decreasing magnetic field.
Thus, expandingμ/hω cα in powers of a temperature or impurity reduction factor and solving Eq. (9) by an iterative process is conceptually possible. However, the nonlinearity makes the resolution of this self-consistent equation somewhat cumbersome, especially for strong chemical potential oscillations |μ/hω cα | ∼ 1/2. According to equations (8) and (9), it is worth noting here that, generally, for a fixed number of electrons, the Fourier development of the magnetization oscillations may not exist. Nevertheless, in some particular regimes or under specific conditions, the description in terms of a Fourier series seems possible locally, that is to say for a finite range of magnetic field (which depends on temperature, on the parameter R, on the impurity broadening Γ and also on the electron hopping integral t in quasi-2D metals). Indeed, in the regime of small but non negligible chemical potential oscillationsμ/hω cα < 1/2π, the linearization of equations (8) and (9) is possible (for the first significant l) and yields at first order in chemical potential oscillations
The substitution of (11) into (10) leads to the Fourier series expansioñ
In presence of several bands, the assumption of small chemical potential oscillations is not so restrictive even for R = 0, since the amplitudes of oscillations are reduced by the extra factor m α /m < 1. In this regime, it is the second term of (12) which is responsible for the presence of the combination frequencies f = lf α ± l ′ f α ′ . Their amplitudes are
At T = 0, the ratio of the amplitude of the combination frequency f α + f α ′ harmonic to the single band α amplitude given by the first term is (A 1 α = 2/π without spin-splitting and impurity factors)
This value is not incompatible with the condition of linearization. It shows that the presence of combination frequencies is significant if f α and f α ′ do not have the same order of magnitude. In experiment 4 , the ratio of band frequencies is of the order of 4, which is consistent with this condition for the observation of the combination frequencies. In the numerical work of Nakano 
For the first harmonic L = 1, this ratio becomes :
Using the formula l 1/l(l + 1) = 3/2, we find at zero temperature and in absence of spin-splitting and impurity scattering :
In the regime of small chemical potential oscillations, the ratio (17) deviates slightly from unity, so that the ratio of the amplitude of the combination frequency f α + f α ′ to the In conclusion, the dHvA effect in 2D multiband metals at a constant number of electrons has been investigated analytically pointing out clearly the difference with the 3D metals.
In presence of strong chemical potential oscillations, the quantitative description of the magnetization oscillations in terms of a Fourier series may be irrelevant and has to be done numerically. In the regime of small chemical potential oscillations, the Fourier analysis is proven to be accurate. In 2D multiband metals, these oscillations are responsible for the presence of combination frequencies which can occur with a significant amplitude if the individual band frequencies differ significantly.
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